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Rayleigh-Taylor unstable flames: The effect of two-mode coupling
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In the classical Rayleigh-Taylor (RT) instability, initial conditions are forgotten and the
growth of the mixing layer becomes self-similar when short wavelength modes couple to
generate longer wavelength modes. In this paper, we explore how adding a reaction at
the unstable interface affects this inverse cascade in wavenumber (“inverse k-cascade”).
We simulate a 2D, Boussinesq, premixed model flame perturbed by a large amplitude
primary mode (k) and a smaller amplitude secondary mode (k;). Early on, the modes are
uncoupled and the flame propagates as a metastable traveling wave. Once the secondary
mode has grown large enough, the modes couple. The traveling wave is destabilized and
the flame front bubbles rapidly grow. This inverse k-cascade, driven by two-mode coupling,
ultimately generates a long wavelength mode with wavenumber GCD(k, k, ), where GCD
is the greatest common divisor. We identify five distinct flame growth solution types and
show that the flame may stall, develop coherent pulsations, or even become a metastable
traveling wave again depending on GCD(k, k,). Finally, we compare our results with
two-mode coupling in ablative and classical RT and show that all three systems may follow
the same mode coupling dynamics.

DOI: 10.1103/PhysRevFluids.9.113203

I. INTRODUCTION

The classical Rayleigh-Taylor (RT) instability [1,2] occurs when a heavy fluid is accelerated
into a light fluid. This acceleration may be due to gravity or even the centrifugal force. The RT
instability is very well studied [3—15] and appears in many places from the Crab Nebula [16,17] to
Earth’s ionosphere [18]. In some important applications, there is an additional twist: a reaction at
the interface between the heavy and light fluids. For example, the speed of thermonuclear flames
in Type Ia supernovae is increased by the RT instability [19-32]. Here on Earth, engineers seek to
improve the efficiency of aviation gas turbine engines by using the RT instability to speed up fuel
consumption [33—-41].

One characteristic feature of classical RT is that initial conditions are forgotten as the growth of
the mixing layer becomes self-similar. Memory is lost when long wavelength modes are generated
by the coupling of short wavelength modes (“bubble merger”) instead of growing from their own
initial conditions (“bubble competition”) [3,42-54]. Many generations of bubble merger generate
an inverse k-cascade in wavenumber space as bubbles grow from small to large. In this paper, we
explore how the addition of a reaction affects the bubble merger process.

The development of long wavelength modes in reactive RT has never been explicitly studied.
Previous work has focused on the long-term development of the instability [26,55] and on measuring
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properties like the flame speed and the flame width [19-30]. Generally, we might expect bubble
merger in reactive RT to resemble bubble merger in either classical RT or ablative RT. In both
cases, the dominant modal interaction is two-mode coupling; we expect this also to be the case
for reactive RT. In classical RT, the Haan/Ofer model predicts that two short wavelength modes
will couple to generate a new long wavelength mode with wavenumber ke, = |k; — k3| [44,48,50].
In ablative RT, Xin’s study [56] of two-mode coupling produced a surprising result: a new mode
with Apew = LCM(A1, A), where LCM is the least common multiple. Do two-mode interactions in
reactive RT more closely resemble those of classical RT or ablative RT?

In this paper, we investigate two-mode coupling for reactive RT using numerical simulations.
Given that this topic is unexplored, we begin by answering some basic questions: Can two-mode
coupling produce long wavelength modes? Which long wavelength modes are generated? What
happens to the flame physically during the inverse k-cascade? Ultimately, we will show that reactive
RT follows a similar coupling dynamic to the ablative RT, but that this seemingly strange mode
coupling dynamic can emerge from the Haan/Ofer model.

II. NUMERICAL METHODOLOGY

In this study, we take a parameter study approach. We reduce computational expense and increase
our exploration space by making two major simplifications: the Boussinesq approximation and a
model reaction.

The Boussinesq approximation assumes subsonic flows with small density variations [57]. For
flames, it requires the Atwood number of the system, Ar = (pp — p1)/(po + p1), to be much
less than 1. Here, pg is the density of the fuel and p; is the density of the ash. By using the
Boussinesq approximation, we remove other instabilities (e.g., the Landau-Darrieus instability)
from the problem and focus on the effects of the Rayleigh-Taylor instability.

The second important simplification is the use of a model reaction term, R(7'), instead of a
realistic chemical reaction network. The reaction progress variable T (temperature) tracks the
transformation of fluid from unburnt fuel (7 = 0) to burnt ashes (T = 1) and represents the amount
of energy released from the reaction to the flow [58]. We adopted R(T) = 2y T?(1 — T, a model
reaction used in our previous studies of Rayleigh-Taylor unstable flames [28-30,59]. This model
reaction has a laminar solution with characteristic flame width § and laminar flame speed s, [60].
Using the thermal diffusivity « and the laminar reaction rate y, we can construct the laminar flame
width § = /«/y and the laminar flame speed s, = ,/y«. The fluid equations, nondimensionalized
by 8 and s,, are
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and V-u=0. G=g(Ap/po)(S /s(z)) is the nondimensionalized gravity, Pr = v/« is the Prandtl
number, and Ap is the density jump across the flame front. We set G =4 and Pr = 1 for all
simulations in order to be within the range of values considered by previous work [21,22].

We chose 2D simulations because they are less computationally expensive than 3D, allowing us
to probe more parameter space. Does this expedient choice make our simulations too physically
unrealistic to be useful? It depends on what we study. Here, we investigate mode coupling and
phenomenological solution types. We expect our 2D results to have qualitative counterparts in 3D
because, like in classical RT, the inverse cascade in k-space is driven by the physical merger of
bubbles, not by turbulence. The physical merger of bubbles is qualitatively similar in 2D and 3D.
Quantitative differences are due to the differences between 2D and 3D bubbles and include different
drag and mass coefficients, a higher asymptotic velocity for 3D bubbles, and tighter packing and
more elongation of 3D bubbles [51]. General differences between 2D and 3D classical RT are
reviewed by Zhou [10].
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To solve the fluid equations, we ran direct numerical simulations using Nek5000, an open-source
spectral element CFD code [61]. Our simulations have a physical size of 2048 x 9216 nondimen-
sionalized units, spanned by 512 x 2304 elements with a spectral order of N = 9 (see Appendix A
for resolution tests). Periodic boundary conditions were imposed in the x-direction. Simulating a
tall box ensured that the flame stayed well away from the top and bottom boundaries during its
evolution. The velocity field was initialized at O and was held at O on both the top and bottom
boundaries. The temperature was constrained to be 0 (fuel) at the top boundary and 1 (ash) at the
bottom boundary. The flame front starts in the middle of the box (y, = 4608) and propagates upward
against gravity.

We consider the coupling between a large amplitude primary mode and a small amplitude
secondary mode. Both modes are sinusoidal. Initially, the amplitude of the flame front’s deviation

from flat is
. [ 2mkix . [ 2mkox
h(x) = A;sin + A, sin , 3)

Xmax Xmax

where A; (A) and k; (k) are the amplitude and wavenumber of the primary (secondary) pertur-
bation, and xp,,, = 2048 is the box width. A; = 1 and k; = 128 for all simulations. A, = 0.001
for most simulations and k, ranges from 1 to 224. In addition, we explicitly consider the effect
of numerical multimode noise in our simulations. For a discussion, see Appendix A. The initial
temperature profile is 7'(x, y) = 0.5{1 — tanh[(y — yo + h(x))/2]}. For movies of the temperature
field for all simulations, see the Supplemental Material [62].

III. RESULTS

To investigate how long wavelength modes are generated by two-mode coupling in reactive RT,
we define two stages of flame evolution, Early and Late, depending on whether or not the primary
and secondary modes are coupled. During the Early Stage, the primary perturbation grows and
then stabilizes into a traveling wave. The Late Stage begins when the traveling wave is disrupted
by the growing secondary perturbation (or by numerical multimode noise) and mode coupling
drives an inverse k-cascade toward long wavelengths. We explore the flame’s physical behavior
during the inverse k-cascade and show that the cascade ultimately generates a dominant mode
with wavenumber GCD(k, k,). Finally, we compare two-mode coupling in reactive, ablative, and
classical RT.

A. Early Stage Flame Evolution

We begin by exploring how the primary and secondary modes grow independently during the
earliest stages of flame evolution.

The flame begins as a slightly perturbed sine wave dominated by the primary perturbation. The
primary perturbation grows exponentially (see Fig. 1, bottom panel) during the linear growth stage
[21,63], but this growth slows as the flame transitions into the nonlinear regime. The less dense
ash rises as bubbles and the more dense fuel sinks as spikes. The spikes have a more complex
structure when the RT instability is stronger; for example, they may resemble mushrooms (see
Fig. 1, middle panel). Finally, the fine structure on the spikes burns out and the flame becomes a
regular series of rising bubbles separated by sharp cusps (see Fig. 1, top panel) [21,22]. We call this
flame configuration the First Metastable Stage.

During the First Metastable Stage, the flame propagates upward with a constant speed, shape
and phase, that is, as a traveling wave [21,22,64]. Most properties of the First Metastable Stage
depend on the dominant primary perturbation. For example, the number of RT bubbles in the box
is equal to the primary wavenumber k;. The flame speed and cusp size depend on both k; and G
[20]. However, the lifetime of the First Metastable Stage depends on how long it takes the secondary
perturbation (or numerical multimode noise; see Appendix A) to grow and disrupt it. This depends
on the properties of the secondary perturbation.
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FIG. 1. The Early Stage: the initial perturbation grows exponentially during the linear stage (bottom panel);
bubbles and spikes develop (middle panel); finally, the flame stabilizes as a traveling wave that we call the First
Metastable Stage (top panel). This is a single-mode simulation with k; = 32; see the Supplemental Material
movie for run 355 [62].

For instance, the lifetime of the First Metastable Stage depends on the amplitude
of the secondary perturbation. Fixing k; = 128, k, = 64, we ran simulations with A, =
0.001, 0.0005, 0.0001, 0.00005. Figure 2(a) shows how the distance between the top of the bubbles
and the bottom of the spikes (the flame depth, see Appendix B) changes with time. After growing
exponentially, the flame depth remains constant during the First Metastable Stage. Eventually, the
secondary perturbation grows large enough to couple with the primary perturbation, and the flame
depth increases again. Figure 2(a) shows that smaller secondary perturbations take longer to grow,
increasing the lifetime of the First Metastable Stage.

The lifetime of the First Metastable Stage also depends on the wavenumber of the secondary
perturbation. Setting k; = 128, A; = 1, A, = 0.001 we chose k, from the range 1 to 224 and then
measured the lifetime of the First Metastable Stage. Figure 2(b) shows that the lifetime of the
First Metastable Stage is very long (fiire. > 50) when k; is small, but rapidly drops as k, increases,
and then varies within a band 8.7 < #jfe < 15. The rapid drop in lifetime is due to the secondary
perturbation growing faster as k, increases. This is consistent with the classical RT linear growth
rate scaling, which is proportional to v/k. Lifetimes stabilize at higher k, because the growth rate
of the secondary perturbation levels off. This happens because the reaction, thermal diffusion, and
viscosity all destroy the smaller-scale structures of the higher k, perturbations more effectively,
offsetting the ~/k growth rate scaling. So, the lifetime of the First Metastable Stage does depend on
k», but this dependence is strongest when k& is small.

In the Early Stage, the primary saturates as a traveling wave that persists until the independently
growing secondary perturbation (or multimode noise) grows large enough to couple with it. In
this section, we showed that the secondary’s growth time depends on its initial amplitude and
wavenumber.
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FIG. 2. (a) Secondary Perturbation Amplitude Experiment: the lifetime of the First Metastable Stage
increases as A, decreases. On the plot, the First Metastable Stage is the plateau where the flame depth remains
constant. The flame depth is measured with the point method using 7 = [0.005, 0.995] (see Appendix B).
(b) Secondary Perturbation Wavenumber Experiment: the lifetime of the First Metastable Stage decreases with
k, and then stabilizes. The noise lifetime for k; = 128 (see Appendix A) is represented by the dotted line.

B. Late Stage Flame Evolution

In the Late Stage, the primary and secondary modes couple to generate intermediate and long
wavelength modes. In this section, we will show that the final mode generated by this inverse k-
cascade is GCD(ky, k; ), where GCD is the greatest common divisor. We also will explore the variety
of solutions that emerge during the inverse k-cascade, from disordered chaotic burning to structured
symmetrical evolution, and show that they depend on GCD(k, k).

The Late Stage begins when the primary perturbation’s First Metastable Stage is destabilized by
another perturbation, either the secondary perturbation or numerical multimode noise. We’ve shown
in Sec. IIT A that the lifetime of the First Metastable Stage depends on k, and that long wavelength
secondary perturbations grow very slowly. For k; = 1,2 the secondary perturbation grows too
slowly to disrupt the First Metastable Stage before the numerical multimode noise kicks in. In
this Chaotic Burning solution (see Fig. 6 in Appendix C for k, = 1), the First Metastable Stage
(Fig. 6, panel 1) is disrupted by small-scale asymmetrical bubble growth (panel 2). Here and there,
a few bubbles along the flame front randomly grow, absorbing their neighbors (panels 2 to 4). This
leads to rapid merging and growth of the bubbles (panels 5 to 8). The vertical growth of the bubble
mixing layer (measured in several ways, see Appendix B) is shown in the inset “bubble depth” plot.

Moving upward in wavenumber, a new solution type emerges at k; = 3. Nearly Symmetric
Merging solutions feature a nearly symmetric breakup of the First Metastable Stage, but small
asymmetries are magnified before wavenumber GCD(ky, k) structures are reached, leading to
asymmetric bubbles. We see this solution type for k, = 3, 4 and for high k, wavenumbers with
GCD = 1, specifically k, = 65, 165. Figure 7 shows k; = 65.

Continuing to higher wavenumbers, when k, > 8, the secondary perturbation outcompetes the
multimode noise and delays the emergence of asymmetry. In these simulations, the solution type is
determined entirely by the wavenumber of the mode ultimately produced by two-mode coupling:
GCD(ky, k). This mode divides the domain into GCD(k,, k;) equal subregions and identical
evolution takes place within each one. Bubbles are distributed evenly into the subregions and merge
until only one bubble remains per subregion. Thus, the final wavenumber is GCD(k, k; ). The details
of the merger process depend on k, and GCD(ky, k). If k, = GCD(ky, k»), then k, grows and
outcompetes k| in a bubble-competition-like process. Smaller primary bubbles merge on the surface
of larger, faster-growing secondary bubbles. A similar bubble-competition-like process takes place
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for certain other values of k, if a long wavelength mode is quickly generated. Although these details
of the merger process depend on k;, the solution type only depends on the GCD.

At low GCD (GCD = 2,4) and k; > 8, we find the First Metastable Merging solution.
In this solution type, bubbles continuously merge while keeping remarkable symmetry, despite
their vast structures and high flame speeds. For example, Fig. 8 (k; = 210, GCD = 2) shows
smaller bubbles (panel 2) merging into larger bubbles (panels 3 to 7) and eventually forming two
massive identical structures (panel 8). At the end of the merging process, the GCD = 2 simula-
tions (k, = 66, 90, 162, 210) form two giant identical structures, while the GCD = 4 simulations
(ky = 12, 68, 164) form four. At very late times, multimode noise breaks the symmetry and growth
continues.

At medium GCD (GCD = 8, 16, 32), the First Metastable Pulsating solution appears. Bubbles
merge until only a GCD number of bubbles remain. These bubbles pulsate horizontally without
growing vertically as the flame burns upward. Pulsations are driven by the misalignment between the
primary First Metastable Stage and the secondary perturbation growing beneath it. When the flame
bubble or cusp does not perfectly sit atop the secondary perturbation’s crest, horizontal momentum
is introduced into the flame front. This causes the bubbles to merge and the flame wakes to pulsate.
Figure 9 shows this solution for k, = 224 (GCD = 32). After the First Metastable Stage (panel 1)
is broken by the secondary perturbation, bubbles merge (panel 2) until 32 remain (panel 3). The
bubbles pulsate back and forth horizontally, alternately forming and burning out mushroom-like
cusps to the right and then to the left (panel 4). Finally, multimode noise disrupts the pulsating
solution (panels 5 and 6) and the merger continues to larger horizontal scales (panel 7). The GCD =
32 simulation pulsations (k, = 32, 96, 160, 224) look simple because the k = 32 structures aren’t
large. The final structures are larger and have more complex-looking pulsations for GCD = 16
(ky = 16, 80, 208) and GCD = 8 (k, = 8, 72, 152).

The Second Metastable Merging solution requires the highest GCD value (GCD = 64), half of
the primary wavenumber. This solution is special because the primary and secondary modes interact
without introducing horizontal momentum. Figure 10 shows this process for k, = 64. Exactly two
primary metastable bubbles fit within each secondary perturbation wave, so the primary bubbles will
alternate between having their upward velocity reinforced and suppressed (panel 2). The reinforced
bubbles engulf the suppressed bubbles (panels 3 and 4) and a Second Metastable Stage forms with
k = 64. The Second Metastable Stage lasts for a considerable amount of time (panels 5 to 7), gently
pulsating due to a shear instability that develops behind the flame front [59]. Finally, multimode
noise triggers chaotic burning (panels 8 and 9). The k, = 192 simulation develops similarly, with
two primary metastable bubbles per three secondary wavelengths. Again, alternate primary bubbles
are reinforced and suppressed by the secondary perturbation.

In this subsection, we showed how different Late Stage inverse k-cascade scenarios arise from
the coupling between the primary and secondary modes. Figure 3 summarizes the distribution of
the five solutions that we identified in GCD(k;, k») versus k, phase space. Solutions range from
totally disordered to completely ordered. As long as the secondary mode grows quickly enough,
the solution type is determined entirely by two-mode coupling, which generates a final mode
with wavenumber GCD(k, k;). Visually, this mode appears as a GCD number of identical bubble
structures. Whether this mode appears quickly (bubble-competition-like) or results from many
generations of bubble merger depends on k,. Ultimately, multimode noise emerges and breaks the
symmetry of the GCD subregions, causing continued bubble growth.

C. Two-Mode Coupling: Comparing Reactive, Ablative, and Classical RT

In the previous section, we showed that two-mode coupling between the primary and secondary
ultimately generates a mode with wavenumber GCD(ky, k;). Here, we compare this result to two-
mode coupling in ablative and classical RT.

Ablative RT is a close relative of reactive RT. Like reaction, ablation stabilizes linear growth at
high k [56,65-72]. Ablative RT is important in inertial confinement fusion (ICF) because it inhibits
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FIG. 3. Solution Type Phase Diagram. The solution types are Chaotic Burning (CB), Nearly Symmetric
Merging (NSM), First Metastable Merging (FMM), First Metastable Pulsating (FMP), and Second Metastable
Merging (SMM). Note that the solution type only depends on GCD(k,, k») when k, > 8 (i.e., on and to the
right of the dotted line).

ignition by mixing the cold, dense pellet shell into the fusion fuel. To further understand how initial
perturbations affect this mixing, Xin et al. [56] studied two-mode coupling of the ablative RT using
2D direct numerical simulations. They found that two short wavelength modes couple to generate
a long wavelength mode that dominates the flow. This new mode has a wavelength LCM(L, X,)
which is equivalent to wavenumber GCD(k, k»), our reactive RT result.

Seemingly, in contrast, many other systems are driven by a two-mode coupling mechanism that
generates the modes |k; — ky| and k| + k,. For example, Newman [73] uses Burgers equation to
illustrate how the generic nonlinearity uu, produces these modes, leading to an inverse k-cascade.
In classical RT, Haan’s model [44] with Ofer’s nonlinear closures [48,50] (which extend the model
past the weakly nonlinear state) also generates the |k; — k»| and k; + k, modes. The k; + k, mode
is a higher harmonic, while the |k; — k»| mode is the start of the inverse k-cascade. As new long
wavelength modes are generated, they couple to produce even longer wavelength modes. But what
is the final mode generated by this process? As long as the noise is sufficiently small and at least
one parent mode is able to couple with each new child mode, the result is GCD(ky, k;). This is
because GCD(lk; — k|, ko) = GCD(ky, |k, — ki|) = GCD(ky, k»), so repeatedly subtracting pairs
of modes will eventually result in GCD(ky, k»). In essence, this mode coupling mechanism carries
out the simplest version of Euclid’s algorithm, which finds the GCD of two numbers by repeated
subtraction.

Do ablative, reactive, and classical RT all have the same two-mode coupling dynamics? Our re-
sults show that this is a possibility—Xin’s surprising LCM(X, ,) final mode and our GCD(ky, k»)
final mode are consistent with a model that, like the Haan/Ofer model, repeatedly generates new
modes with |k; — k,|. However, the Haan/Ofer model itself does not apply to the reactive case
since Ofer’s mode saturation closures are inconsistent with our results. In particular, our results in
Secs. III A and III B show that saturated reactive modes do not continue to grow, but are able to
participate in the inverse k-cascade after saturation. Ultimately, it may be the case that ablative,
reactive and classical RT all generate new long wavelength modes by the two-mode coupling rule
|ky — ky|, but that the nonlinear mode saturation closure is different in each case.

IV. CONCLUSIONS

In this paper, we investigated how long wavelength modes develop in reactive RT. We focused
on two-mode coupling, the dominant modal interaction in both classical and ablative RT. Our main

113203-7



MINGXUAN LIU AND ELIZABETH P. HICKS

goals were to determine which long wavelength modes are generated, if any, and what happens
to the flame physically during the inverse k-cascade. We simulated a 2D Boussinesq model flame
with two perturbations: a large amplitude primary and a small secondary. We also considered the
role of numerical multimode noise. We divide the flame’s evolution into two stages depending on
whether or not the modes couple. In the Early Stage, the modes grow independently. The lifetime
of the primary’s First Metastable Stage depends on the secondary perturbation’s initial amplitude
and wavenumber. In the Late Stage, the primary and secondary modes couple to ultimately generate
a long wavelength mode with wavenumber GCD(ky, k). The flame’s behavior during this inverse
k-cascade depends on GCD(k, k,). We identified five solution types with various flame dynamics:
the flame may be chaotic (if its evolution is dominated by numerical noise), may grow with a slight
asymmetry, may symmetrically grow, may coherently pulsate, or may even become metastable
again. Of these solutions, the pulsating and second metastable solutions demonstrate how adding
a reaction can temporarily stabilize the growth of the mixing layer, an effect not found in classical
RT. Finally, we showed that the reactive RT follows a similar coupling dynamic to ablative RT since
both produce modes with GCD(ky, k;). We also showed that ablative, reactive, and classical RT
may all have the same two-mode coupling dynamics: an inverse k-cascade driven by the generation
of new modes with |k; — k»|. However, the nonlinear mode saturation closure must be different for
reactive and classical RT. Ultimately, this work is the first step toward understanding how a reaction
modifies the RT bubble merger process and how the mixing layer in reactive RT ultimately becomes
self-similar.

The supporting data and code for this article are openly available on Zenodo [74].
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APPENDIX A: RESOLUTION CHECKS

In this Appendix, we discuss the effect of numerical errors in our simulations and how we
controlled these errors in our study design. We begin by describing the types of numerical error.
Next, we explain how we used single-mode simulations and resolution studies to choose parameter
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FIG. 4. (a) Single-Mode Simulations: the First Metastable Stage is eventually disrupted by numerical mul-
timode noise. The flame depth is measured with the point method using 7 = [0.005, 0.995] (see Appendix B).
(b) Noise Lifetimes: the amount of time that the First Metastable Stage survives before it is disrupted by noise.

values for our two-mode study. Finally, we carefully consider the role of numerical multimode noise
in our two-mode simulations.

1. Types of Numerical Error

The effect of numerical errors in our simulations can be broken into two components: a
single-mode “system” perturbation and a multimode noise perturbation. The system perturbation
is generated by an interaction between the primary perturbation and the Nek5000 spectral element
mesh. If the wavelength of the primary perturbation is not evenly divided by the spectral element
size, then the pattern of spectral coefficients repeats on the smallest scale for which the flame front
pattern is exactly divided by a whole number of spectral elements. This produces a long wavelength
system perturbation with wavenumber GCD(k,, nelx), where nelx = 512 is the number of elements
in the x-direction. The second type of numerical perturbation is multimode noise. Both types of
perturbation grow with time. In the next two sections, we will examine the effect of these numerical
perturbations on both single-mode and two-mode simulations.

2. Single-Mode Simulations and Resolution Checks

In this section, we show that single-mode simulations behave nicely with improved resolution.
The resolution studies guide our choice of an appropriate primary wavenumber and simulation
resolution for our two-mode study. We also measure the “noise lifetime” for our chosen &, Aj,
and resolution.

First, we show that the lifetime of the First Metastable Stage increases as the resolution is
improved. In an ideal single-mode simulation with no numerical error, we would expect the
lifetime of the First Metastable Stage to be infinite. However, even in a well-resolved single-mode
simulation, the First Metastable Stage is eventually destroyed by numerical multimode noise.
Figure 4(a) shows the development of the First Metastable Stage and its destruction by noise for a
variety of single-mode wavenumbers (k). Measured lifetimes are shown in Fig. 4(b). These “noise
lifetimes™ are the longest first metastable lifetimes that can be measured for each combination of
resolution, ki, and A,. The noise lifetime for k; = 128 will be used in the next section to select
an appropriate value for A,. The noise lifetime should increase as the resolution is improved.
Figure 5(a) demonstrates this good behavior using k; = 208 as an example: the First Metastable
Stage plateau is longer when the resolution is better. Based on this resolution study, we decided to
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FIG. 5. (a) Single-Mode Resolution Study (k; = 208): the noise lifetime increases as the resolution is
improved. (b) Two-Mode Resolution Study (k; = 128, k, = 64): the duration of the First Metastable Stage and
the transition to and development of the Second Metastable Stage are well converged. The Second Metastable
Stage is broken by numerical multimode noise.

resolve the simulations as much as we could to allow the secondary perturbation more time to grow.
Our chosen average resolution (0.444) is smaller than the measured viscous scale, implying that
the simulations capture the energy cascade. The flame front itself should also be resolved because
there are nearly 10 collocation (grid mesh) points across the distance (4.394) between the T = 0.1
and T = 0.9 contours of the laminar flame.

Second, we confirmed that the effect of the system perturbation disappears as the resolution is
improved. When single-mode simulations are underresolved, the system perturbation mimics the
effect of a secondary perturbation. Organized, large-scale structures emerge which are entirely due
to numerical error. As the resolution improves, these structures disappear, showing that the am-
plitude of the system perturbation decreases. At our highest resolution, the system perturbation has
little effect. However, we eliminate the system perturbation entirely in our two-mode simulations by
choosing k; = 128, which aligns the bubbles of the flame front perfectly with the spectral elements.

3. Two-Mode Simulations and Numerical Multimode Noise

In this paper, we made the choice to show and discuss all of our two-mode simulations, even
when they are affected by numerical multimode noise. Our hope is that this additional transparency
will help future researchers in this area to plan and interpret their own simulations. In this section, we
expand on the discussion in the main body of the paper and carefully consider the role of numerical
multimode noise in our simulations.

First, we needed to ensure that the secondary perturbation actually played a role in breaking
the First Metastable Stage and that we weren’t just measuring the effects of numerical multimode
noise. We did this by choosing A, appropriately. A, must be large enough that the lifetime of
the First Metastable Stage of the simulation with the slowest growing secondary perturbation
(ko = 1) is shorter than the noise lifetime of the primary perturbation, k; = 128. We chose A, =
0.001 because the lifetime of the First Metastable Stage of k; = 1 is slightly less than the noise
lifetime [see Fig. 2(b)]. This choice allowed us to explore the full range of possible solutions from
noise-dominated to secondary-perturbation-dominated by increasing &, (see Sec. III B).

Next, we identified the values of k, for which the First Metastable Stage is broken by true two-
mode coupling between the primary and secondary. In Sec. III B, we show that the secondary out-
competes numerical multimode noise and breaks the First Metastable Stage on its own when k, > 8.
This is visually apparent for simulations with GCD(k; = 128, k) > 2 that break up symmetrically.
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Finally, we checked that the evolution of the k, > 8 simulations continued to be dominated by
two-mode coupling until a GCD number of structures developed. Visually, the simulations must
maintain symmetry until GCD identical structures develop. For example, Fig. 8 shows that the
k, = 210 (GCD = 2) simulation maintains symmetry until two giant structures form.

After GCD identical structures form, symmetry will eventually be broken by the slowly growing
numerical multimode noise. Figure 9 shows this process for k, = 224 (GCD = 32). After 32
structures form (panel 4), the inverse k-cascade driven by two-mode coupling between the primary
and secondary is complete. The symmetry breaking shown in panels 5 to 7 is due to numeri-
cal multimode noise and is not physical. Likewise, Fig. 10 for k; = 64 (GCD = 64) shows the
development of 64 identical bubbles which persist for some time before symmetry is broken by
multimode noise in panels 8 and 9. Figure 5(b) shows a resolution study for this case. The duration
of the First Metastable Stage and the transition to and development of the Second Metastable Stage
are well converged. The duration of the Second Metastable Stage does depend on resolution because
the Second Metastable Stage is broken by numerical multimode noise instead of by a real physical
perturbation.

Ultimately, multimode noise affects simulations differently depending on their value of k.
When k; < 8, multimode noise competes with the secondary perturbation and plays a role in
breaking the First Metastable Stage. If these simulations could be carried out at higher resolution,
we would expect the k, = 1 simulation to converge to the Nearly Symmetric Merging solution
type and simulations with k, =2,4,6 to converge to the First Metastable Merging solution
type. These simulations are unphysical in the sense that they show behavior that is not due to
two-mode coupling, but their sort of asymmetrical behavior is likely in the real world where
noisy multimode perturbations are ubiquitous. For simulations with k, > 8, the solution type
is converged. Simulations with GCD > 2 remain symmetric until a GCD number of identical
structures develop. Eventually, multimode noise breaks this symmetry. Increasing the resolution
of these simulations would likely delay the symmetry breaking, but would not change the solution
type. Simulations with GCD = 1 always appear asymmetrical, but they are still converged (to the
Nearly Symmetric Merging solution) as long as k, > 8. Overall, solution types for k, > 8 are
converged and our conclusions about two-mode coupling are robust.

APPENDIX B: FLAME DEPTH AND BUBBLE DEPTH MEASUREMENTS

During the development of the Rayleigh-Taylor instability, distinctive structures known as
bubbles and spikes form on the flame front. Bubbles are lighter ashes moving upward, while spikes
are heavier fuels moving downward. To quantify the growth of these structures, we measure the
positions of the top of the bubbles and the bottom of the spikes using two methods: the point
method and the profile method. Both methods use temperature thresholds, for example T =
(0.1, 0.9), to define the top and bottom of the flame. The flame top corresponds to the highest point
with temperature above the lower threshold, whereas the flame bottom corresponds to the lowest
point with temperature below the upper threshold. The point method uses the vertical position of
the single point that meets these criteria; the profile method first calculates the horizontal average of
the temperature field and then identifies the vertical position that satisfies the thresholds.

To turn these measurements into mixing layer height measurements, we take two approaches.
First, we compute the size of the entire mixing layer by subtracting the spike position from the
bubble position. This measurement includes both bubbles and spikes and we call it the flame depth.
We also measure a bubble depth that excludes the spikes by subtracting the average position for
the flame (calculated by integrating the flame speed over time) from the bubble position. The
insets in Figs. 6-10 show measurements of the bubble depth made using both the point and profile
methods across the three threshold sets: 7 = (0.1, 0.9), (0.05, 0.95), and (0.005, 0.995), denoted,
respectively, by numbers 1, 2, and 3 in the plot legends. The profile method measurements are
labeled by the letter ‘p’ in front of the number.
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APPENDIX C: LATE STAGE SOLUTION VISUALIZATIONS

Examples of the flame evolution for all solutions types discussed in Sec. III B are shown in
Figs. 6-10.
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FIG. 6. Chaotic Burning Solution (k; = 128, k; = 1, GCD = 1). See Supplemental Material movie for run
316 [62].
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movie for run 322 [62].
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